Introduction {#Sec1}
============

Advanced calorimetric techniques (e.g., by means of a relaxation method instrument \[[@CR1]\]) allow for heat capacity measurements at very low temperatures. Recently, heat capacities of various minerals and compounds (e.g., carbonates \[[@CR2], [@CR3]\], molybdates \[[@CR4]--[@CR8]\] and Sr-, Rb-, and Cs-substituted barium aluminotitanate hollandites \[[@CR9]\]) were determined and the derived thermodynamic functions were reported. Thermodynamic data as provided in Bissengaliyeva et al. \[[@CR2], [@CR3]\] are required to describe the formation of lead and zinc carbonates occurring in the oxidation zones of sulfide ore deposits. In addition, theoretical investigations may be assisted by these data when Pb^2+^ ions have to be removed from aqueous solution \[[@CR10], [@CR11]\]. Phase stability of molybdates is a key issue when molybdenum containing nuclear waste is immobilized in borosilicate glasses \[[@CR4]--[@CR8]\]. Alternatively, minerals, e.g., barium hollandites \[[@CR9]\] that have a robust thermal stability and aqueous durability compared to glass waste forms, are investigated for their potential in hosting radionuclides. Heat capacity measurements and the derived thermodynamic functions are essential for further thermochemical calculations. Currently, heat capacities at temperatures in the range of almost absolute zero to 300 K are fitted by several cubic splines \[[@CR2], [@CR3]\] or by more theory-based fitting approaches discriminating low-, mid-, and high-temperature ranges \[[@CR6], [@CR9]\]. A combination of Debye--Einstein and Schottky functions are used to fit the temperature-dependent heat capacity data \[[@CR4], [@CR12]\] with individual coefficients depending on the temperature region. A general problem common to these fitting approaches is the amount of fit coefficients so that the uncertainty of some fit parameters lies almost in the range of the values of these fit parameters. In addition, the values of these fit coefficients might be strongly correlated. Extending the approach outlined in a previous paper by Gamsjäger et al. \[[@CR13]\], it is suggested to use a Debye--Einstein integral fit for the whole temperature range from almost absolute zero to 300 K. It is expected that a unified fitting approach of the heat capacities facilitates the assessment of the thermodynamic data bases.

Results and discussion {#Sec2}
======================

Following Wu et al. \[[@CR9]\], the Debye--Einstein integral fit suggested for describing the heat capacities of minerals in the temperature range between 2 and 300 K is defined as:$$\documentclass[12pt]{minimal}
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The temperature-dependent thermodynamic functions, entropy $\documentclass[12pt]{minimal}
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It is worth mentioning that Wu et al. \[[@CR9]\] used Eq. ([1](#Equ1){ref-type=""}) for "high T fits" with temperatures higher than 37 K, but not to approximate heat capacity values over the whole temperature range. In addition to "high T fits", Wu et al. \[[@CR9]\] propose a five parameter fit as "low T fit" in the temperature range between 1.9 and 7.5 K and a seven parameter "mid-T fit" between 7.5 and 37 K. The Debye--Einstein integral from Wu et al. \[[@CR9]\] is a modification of the semi-empirical approach proposed by Kelley and King \[[@CR16]\].

As examples experimental data of heat capacities of carbonates \[[@CR2], [@CR3]\], molybdates \[[@CR4]--[@CR8]\], hollandites \[[@CR9]\], molybdenum trioxide \[[@CR17]\], and a zeolitic polymorph of SiO~2~, faujasite \[[@CR12]\], are analyzed by the Debye--Einstein fit approach according to Eq. ([1](#Equ1){ref-type=""}).

Carbonates {#Sec3}
----------

The experimental values of the heat capacities of cerussite (PbCO~3~) provided by Bissengaliyeva et al. \[[@CR2]\] exhibit an anomaly at 273 K which is described to be due to water absorbed in the bulk material. The data are fitted according to Eq. ([1](#Equ1){ref-type=""}), where data that deviate due to this anomaly are excluded as their influence on the heat capacity values is marginal. The fit coefficients are calculated by means of the Levenberg--Marquardt algorithm using Origin Pro 2017 \[[@CR18]\] and are summarized in Table [1](#Tab1){ref-type="table"}.Table 1Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of PbCO~3~Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K136.2 ± 1.2*m*1.446 ± 0.021*θ*~E1~/K279.2 ± 2.7*n* ~1~1.647 ± 0.016*θ*~E2~/K1270 ± 16*n* ~2~1.963 ± 0.042Number of atoms in formula unit\
5*m* + *n*~1~ + *n*~2~\
5.056

The temperature-dependent values of the thermodynamic functions provided in \[[@CR2]\] are based on cubic polynomials with 36 fit coefficients describing the whole temperature range. It is evident that the uncertainties in the thermodynamic functions are approximately one order of magnitude smaller in case that the $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{{p , {\text{ m}}}}^{\text{o}}$$\end{document}$ (*T*) function is replicated by such a large amount of fit coefficients. However, the semi-empirical Debye--Einstein approach (Eq. ([1](#Equ1){ref-type=""})) with only six fit coefficients results in very similar temperature-dependent thermodynamic functions.
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This approach seems to be safe, results, however, in large uncertainties compared to the uncertainties provided in the literature. The thermodynamic functions of cerussite (PbCO~3~) are calculated and the results are presented in Table [2](#Tab2){ref-type="table"}. The values of the thermodynamic functions at certain temperatures are found to be reasonably close to the values published in Bissengaliyeva et al. \[[@CR2]\].Table 2Thermodynamic functions of PbCO~3~. For each temperature, the thermodynamic data calculated within this study are presented in the first line, and the second line contains data published in Bissengaliyeva et al. \[[@CR2]\]*T*/K$\documentclass[12pt]{minimal}
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The following characteristic temperatures and pre-factors are obtained when applying the Debye--Einstein integral (Eq. ([1](#Equ1){ref-type=""})) to the heat capacity data of smithsonite \[[@CR3]\], see Table [3](#Tab3){ref-type="table"}.Table 3Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of smithsonite (ZnCO~3~)Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K340.1 ± 3.4*m*2.018 ± 0.049*θ*~E1~/K521 ± 16*n* ~1~1.134 ± 0.025*θ*~E2~/K1174 ± 28*n* ~2~1.417 ± 0.023Number of atoms in formula unit\
5*m* + *n*~1~ + *n*~2~\
4.569

The sum of the pre-factors (*m* + *n*~1~ + *n*~2~) deviates by more than 5% from the number of atoms in the formula unit, but the errors of both the characteristic temperatures and pre-factors are reasonably small again. The thermodynamic data calculated in steps of 50 K are provided in Table [4](#Tab4){ref-type="table"} and where found to be very similar to those obtained in Bissengaliyeva et al. \[[@CR3]\] based on 48 fit coefficients. The temperature-dependent thermodynamic functions are presented in Table [4](#Tab4){ref-type="table"}.Table 4Thermodynamic functions of ZnCO~3~. For each temperature, the thermodynamic data calculated within this study are presented in the first line; the second line contains data published in Bissengaliyeva et al. \[[@CR3]\]*T*/K$\documentclass[12pt]{minimal}
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Experimental data of the heat capacities of cerussite and smithsonite and Debye--Einstein integral fits according to Eq. ([1](#Equ1){ref-type=""}) are plotted versus temperature in Fig. [1](#Fig1){ref-type="fig"}. The heat capacity values of cerussite are shifted upwards by 10 J mol^−1^ K^−1^ (2 J mol^−1^ K^−1^ in the insert) for the sake of a clear arrangement of the curves.Fig. 1Heat capacities $\documentclass[12pt]{minimal}
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Motivated by the precise thermodynamic data for cerussite and smithsonite based on the simple Debye--Einstein integral fit, the same procedure has been applied to the heat capacities of the molybdates SrMoO~4~, BaMoO~4~, CaMoO~4~, Li~2~MoO~4~, and Ag~2~MoO~4~.

Molybdates {#Sec4}
----------

The characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters to the experimental data of the heat capacity of SrMoO~4~ \[[@CR4]\] are presented in Table [5](#Tab5){ref-type="table"}. Thermodynamic functions are provided at several temperatures from 0 to 300 K in Table [6](#Tab6){ref-type="table"}. The fit parameters for the heat capacities of the remaining molybdates that have been analyzed are provided in Table [7](#Tab7){ref-type="table"} (BaMoO~4~), Table [8](#Tab8){ref-type="table"} (Ag~2~MoO~4~), Table [9](#Tab9){ref-type="table"} (Li~2~MoO~4~), Table [10](#Tab10){ref-type="table"} (CaMoO~4~ \[[@CR8]\]), and Table [11](#Tab11){ref-type="table"} (CaMoO~4~ \[[@CR17]\]). The temperature-dependent values of the heat capacities $\documentclass[12pt]{minimal}
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6*m* + *n*~1~ + *n*~2~\
6.069 Table 6Thermodynamic functions of SrMoO~4~. For each temperature, the thermodynamic data calculated in this study are presented in the first line; the second line contains data published in Morishita and Houshiyama \[[@CR4]\]*T*/K$\documentclass[12pt]{minimal}
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6*m* + *n*~1~ + *n*~2~\
6.030 Table 8Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of Ag~2~MoO~4~Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K119.0 ± 0.6*m*2.379 ± 0.025*θ*~E1~/K266.5 ± 3.3*n* ~1~2.548 ± 0.022*θ*~E2~/K769 ± 11*n* ~2~1.873 ± 0.021Number of atoms in formula unit\
7*m* + *n*~1~ + *n*~2~\
6.800 Table 9Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of Li~2~MoO~4~Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K195.4 ± 1.4*m*1.679 ± 0.018*θ*~E1~/K471.5 ± 4.4*n* ~1~3.389 ± 0.040*θ*~E2~/K1079 ± 19*n* ~2~2.419 ± 0.030Number of atoms in formula unit\
7*m* + *n*~1~ + *n*~2~\
7.487 Table 10Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of CaMoO~4~ (experimental data from \[[@CR8]\])Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K284.4 ± 1.8*m*2.325 ± 0.033*θ*~E1~/K465.7 ± 5.1*n* ~1~2.248 ± 0.017*θ*~E2~/K1133 ± 16*n* ~2~1.565 ± 0.015Number of atoms in formula unit\
6*m* + *n*~1~ + *n*~2~\
6.138 Table 11Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of CaMoO~4~ (experimental data from \[[@CR17]\])Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K291.6 ± 2.2*m*2.488 ± 0.040*θ*~E1~/K497.7 ± 7.3*n* ~1~2.261 ± 0.022*θ*~E2~/K1261 ± 35*n* ~2~1.562 ± 0.037Number of atoms in formula unit\
6*m* + *n*~1~ + *n*~2~\
6.311

The experimental data of the temperature-dependent molar heat capacities of the molybdates CaMoO~4~, SrMoO~4~, BaMoO~4~, Li~2~MoO~4~, and Ag~2~MoO~4~ and the Debye--Einstein approximations are presented in Fig. [2](#Fig2){ref-type="fig"}. The heat capacities of SrMoO~4~ are shifted upwards by 10 J mol^−1^ K^−1^ (2 J mol^−1^ K^−1^ in the insert), the heat capacities of BaMoO~4~ are shifted upwards by 20 J mol^−1^ K^−1^ (4 J mol^−1^ K^−1^ in the insert), those of Li~2~MoO~4~ by 50 J mol ^−1^ K^−1^ (8 J mol^−1^ K^−1^ in the insert), and those of Ag~2~MoO~4~ by 60 J mol^−1^ K^−1^ (10 J mol^−1^ K^−1^ in the insert) for sake of a clear arrangement in Fig. [2](#Fig2){ref-type="fig"}. The comparably small slope of the heat capacities of Li~2~MoO~4~ with temperature at values below 100 K can be explained by the small molar mass of Li~2~MoO~4~ compared to the other molybdates investigated.Fig. 2Experimental data of the molar heat capacities of CaMoO~4~, SrMoO~4~, BaMoO~4~, Li~2~MoO~4~, and Ag~2~MoO~4~ and the Debye--Einstein fit curves (data and fit curves below 20 K are shown in the insert)

Hollandites {#Sec5}
-----------

The number of atoms in the unit cell is much higher for Sr-, Rb-, and Cs-substituted barium aluminotitanate hollandites compared to the previously discussed carbonates and molybdates. The characteristic temperatures and the pre-factors of Sr-, Rb-, and Cs-substituted barium aluminotitanate hollandites and their errors are presented in Tables [12](#Tab12){ref-type="table"}, [13](#Tab13){ref-type="table"}, and [14](#Tab14){ref-type="table"}, respectively.Table 12Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of Sr-substituted barium aluminotitanate hollandite (Ba~1.14~Sr~0.10~Al~2.38~Ti~5.59~O~16~)Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K183 ± 7*m*2.97 ± 0.21*θ*~E1~/K351 ± 14*n* ~1~7.17 ± 0.35*θ*~E2~/K715 ± 11*n* ~2~14.23 ± 0.44Number of atoms in formula unit\
25.2*m* + *n*~1~ + *n*~2~\
24.37 Table 13Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of Rb-substituted barium aluminotitanate hollandite (Ba~1.17~Rb~0.19~Al~2.46~Ti~5.53~O~16~)Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K190.2 ± 3.2*m*3.29 ± 0.11*θ*~E1~/K384.6 ± 7.4*n* ~1~8.69 ± 0.23*θ*~E2~/K779.5 ± 8.5*n* ~2~13.1 ± 0.3Number of atoms in formula unit\
25.4*m* + *n*~1~ + *n*~2~\
25.08 Table 14Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of Cs-substituted barium aluminotitanate hollandite (Ba~1.18~Cs~0.21~Al~2.44~Ti~5.53~O~16~)Characteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K188.5 ± 3.7*m*3.19 ± 0.12*θ*~E1~/K376.2 ± 8.2*n* ~1~8.37 ± 0.25*θ*~E2~/K759.2 ± 8.3*n* ~2~13.8 ± 0.3Number of atoms in formula unit\
25.4*m* + *n*~1~ + *n*~2~\
25.36

The values for the heat capacities $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{{p,{\text{ m}}}}^{0}$$\end{document}$ fitted by Eq. ([1](#Equ1){ref-type=""}) are again close to the experimental values (Fig. [3](#Fig3){ref-type="fig"}), but for the very low heat capacity data a systematic deviation of the fit must be stated.Fig. 3Experimental data of the molar heat capacities of Sr-hollandite, Cs-hollandite, and Rb-hollandite, respectively. The values of the heat capacities of Cs-hollandite are shifted upwards by 50 J mol^−1^ K^−1^, those of Rb-hollandite by 100 J mol^−1^ K^−1^. The experimental data are approximated by Debye--Einstein fit curves according to Eq. ([1](#Equ1){ref-type=""})

However, as both quantities---the heat capacity and the entropy---are close to zero at very low temperatures, the influence of this deviation to the thermodynamic quantities at higher temperatures is in the range of the error of measurement. The quality of this six-parameter Debye--Einstein fit (Eq. ([1](#Equ1){ref-type=""})) has been compared with the previously published fitting procedure with additional 14-fit parameter in the two temperature ranges also fitted to the data from approx. 2--7.5 K and from 7.5 to 40 K. A quantity relevant for the error of the fit is the residual sum of squares (i.e., sum of the squares of experimental value minus calculated value). It is shown in Fig. [4](#Fig4){ref-type="fig"} that the residual sum of squares is only slightly higher at room temperature for the Debye--Einstein six-parameter fit compared to the fit presented in Wu et al. \[[@CR9]\].Fig. 4Residual sum of squares from Wu et al. \[[@CR9]\] compared to the six parameter Debye--Einstein fit used in this work

The values of the thermodynamic functions of the carbonates, molybdates, and hollandites at 298.15 K are calculated with Eq. ([1](#Equ1){ref-type=""}) and are compared to literature data. These data are compiled in Table [15](#Tab15){ref-type="table"} for carbonates and molybdates and in Table [16](#Tab16){ref-type="table"} for hollandites. The first line shows the calculation based on Eq. ([1](#Equ1){ref-type=""}) and the Debye--Einstein fit coefficients, the second line the data from the literature.Table 15Thermodynamic properties of carbonates (PbCO~3~ and ZnCO~3~), and molybdates (SrMoO~4~, BaMoO~4~, Ag~2~MoO~4~, Li~2~MoO~4~, and CaMoO~4~) at 298.15 K$\documentclass[12pt]{minimal}
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                \begin{document}$$(S_{\text{m}}^{\text{o}} - H_{\text{m}}^{\text{o}}/T)$$\end{document}$/(J mol^−1^ K^−1^)Ba~1.14~Sr~0.10~Al~2.38~Ti~5.59~O~16~ 456.5 ± 9.9414 ± 2070.7 ± 3.0177.0 ± 9.6 456.76 \[[@CR9]\]413.93 ± 8.28 \[[@CR9]\]70.743 ± 0.02 \[[@CR9]\]176.66 ± 0.18 \[[@CR9]\]Ba~1.17~Rb~0.19~Al~2.46~Ti~5.53~O~16~ 459.6 ± 9.5415 ± 1870.892 ± 2.8177.60 ± 8.9 459.96 \[[@CR9]\]415.13 ± 8.30 \[[@CR9]\]70.894 ±  \[[@CR9]\]177.35 ±  \[[@CR9]\]Ba~1.18~Cs~0.21~Al~2.44~Ti~5.53~O~16~ 467.4 ± 10.5419.8 ± 20.571.88 ± 3.9178.7 ± 10.0 467.81 \[[@CR9]\]419.59 ± 8.39 \[[@CR9]\]71.888 \[[@CR9]\]178.48 \[[@CR9]\]

The values of the thermodynamic quantities for CaMoO~4~ at room temperature due to different low temperature calorimetric measurements (\[[@CR8]\] and \[[@CR17]\]) are very similar and in both cases the calculated results obtained by the Debye--Einstein fit (Eq. ([1](#Equ1){ref-type=""})) are very close to the values reported in \[[@CR8], [@CR17]\], respectively.

It is worth noting that the thermodynamic quantities for the Sr-, Rb-, and Cs-hollandites at 298.15 K calculated from Eq. ([1](#Equ1){ref-type=""}) and Tables [12](#Tab12){ref-type="table"}, [13](#Tab13){ref-type="table"} and [14](#Tab14){ref-type="table"} are very close to the values published in \[[@CR9]\], see Table [16](#Tab16){ref-type="table"}. Thus, it is concluded that the error for the heat capacity at ultra-low temperatures (Fig. [3](#Fig3){ref-type="fig"}, insert) is small at higher temperatures. The deviations of the thermodynamic values calculated by Eqs. ([1](#Equ1){ref-type=""})--([3](#Equ3){ref-type=""}) and the published values are well below the experimental error of about 0.5--0.8% at *T* \> 100 K \[[@CR19]\].

As stated above, the calculation of the error of the fit by Eq. ([4](#Equ4){ref-type=""}) is rather large (as the complete range of the error of the individual fit coefficients is taken into account) and exceeds the experimental error. However, the absolute values of all thermodynamic data at 298.15 K that have been calculated by means of Eqs. ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) are sufficiently close at the literature data being within the experimental error.

As a further example for the power of the simple Debye--Einstein approach (Eq. ([1](#Equ1){ref-type=""})) experimental data of the heat capacities of the SiO~2~ polymorph faujasite \[[@CR12]\] are considered. The fit coefficients and the thermodynamic data are presented in Table [17](#Tab17){ref-type="table"}. The heat capacity of the SiO~2~ polymorph faujasite and its Debye--Einstein integral fit, Eq. ([1](#Equ1){ref-type=""}) is plotted versus temperature in Fig. [5](#Fig5){ref-type="fig"}.Table 17Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of the SiO~2~ polymorph with faujasite and thermodynamic properties at 298.15 KCharacteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K170.4 ± 2.9*m*0.474 ± 0.011*θ*~E1~/K439.1 ± 7.2*n* ~1~1.076 ± 0.016*θ*~E2~/K1160.8 ± 15.2*n* ~2~1.402 ± 0.014Number of atoms in formula unit\
3*m* + *n*~1~ + *n*~2~\
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                \begin{document}$$(S_{\text{m}}^{\text{o}} - H_{\text{m}}^{\text{o}}/T)$$\end{document}$/(J mol^−1^ K^−1^)45.31 ± 0.8144.79 ± 1.567.18 ± 0.220.71 ± 0.845.34 \[[@CR12]\]44.734 \[[@CR12]\]7.178 \[[@CR12]\]20.658 \[[@CR12]\] Fig. 5Experimental data of the molar heat capacities of faujasite. The experimental data are approximated by a Debye--Einstein fit curve (the fit slightly deviates from the experimental data at low temperatures)

The absolute values of the thermodynamic quantities are reasonably close at 298.15 K, when comparing calculation with the very simple Eq. ([1](#Equ1){ref-type=""}) and the values from Boerio-Goates et al. \[[@CR12]\]. The six fit coefficients *θ*~D~, *θ*~E1~, *θ*~E2~, *m*, *n*~1~, and *n*~2~ are always valid in the whole temperature range. In the original fit provided in Boerio-Goates et al. \[[@CR12]\], a low temperature fit is discriminated from the high temperature fit and an additional Schottky function has been introduced.

Recently, experimental values for the low temperature molar heat capacities of MoO~3~(cr) were published in \[[@CR17]\]. Again, the Debye--Einstein approach (Eq. ([1](#Equ1){ref-type=""})) with only six fit parameters has been used to approximate the molar heat capacities in the temperature range of 2--294 K. The resulting fit coefficients are presented in Table [18](#Tab18){ref-type="table"} and the comparison between this fit and the experimental data is shown in Fig. [6](#Fig6){ref-type="fig"}.Table 18Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of the MoO~3~(cr) and thermodynamic properties at 298.15 KCharacteristic temperaturesValueAdjusted pre-factorsValue*θ*~D~/K266.7 ± 1.6*m*1.271 ± 0.016*θ*~E1~/K462.7 ± 4.8*n* ~1~1.533 ± 0.012*θ*~E2~/K1059.8 ± 15.3*n* ~2~1.184 ± 0.012Number of atoms in formula unit\
4*m* + *n*~1~ + *n*~2~\
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                \begin{document}$$(S_{\text{m}}^{\text{o}} - H_{\text{m}}^{\text{o}}/T)$$\end{document}$/(J mol^−1^ K^−1^)73.1 ± 0.975.4 ± 1.512.3 ± 0.234.05 ± 0.7373.17 ± 0.71 \[[@CR17]\]75.43 ± 0.75 \[[@CR17]\]12.3 ± 0.1 \[[@CR17]\]34.07 ± 0.86 \[[@CR17]\] Fig. 6Experimental data of the molar heat capacities of MoO~3~(cr) (data and the fit curve below 20 K are shown in the insert)

It is worth mentioning that the sum of the pre-factors *m*, *n*~1~, and *n*~2~ obeys the Neumann--Kopp rule rather well although not forced by any constraint for all the examples mentioned above.

The problem of overfitting is highlighted by the following example. It has been observed that the mid-range temperature fit for Ba~1.14~Sr~0.10~Al~2.38~Ti~5.59~O~16~ with polynomials containing seven coefficients can be equally well be described by rather different values for the fit coefficients, see Table [19](#Tab19){ref-type="table"}.Table 19Values of the mid-range temperature fit coefficients for Sr-hollandite according to Wu et al. \[[@CR9]\] compared to those obtained in this workFit coefficientsValues from Wu et al. \[[@CR9]\]Values and errors, this work*A*~0~/J mol^−1^ K^−1^− 1.7075− 2.76 ± 0.35*A*~1~/J mol^−1^ K^−2^0.882031.34 ± 0.13*A*~2~/J mol^−1^ K^−3^− 0.16900− 0.248 ± 0.020*A*~3~/J mol^−1^ K^−4^0.0148630.0216 ± 0.0015*A*~4~/J mol^−1^ K^−5^− 5.2876 × 10^−4^(− 8.276 ± 0.600) × 10^−4^*A*~5~/J mol^−1^ K^−6^8.8622 × 10^−6^(1.541 ± 0.123) × 10^−5^*A*~6~/J mol^−1^ K^−7^− 5.7267 × 10^−8^(− 1.130 ± 0.010) × 10^−7^

It is demonstrated in Fig. [7](#Fig7){ref-type="fig"} that both polynomial fits (the one from Wu et al. \[[@CR9]\] and that calculated within this work) are equivalent.Fig. 7Comparison of the mid-*T* Sr-hollandite fitting curves, which completely overlap

However, the fit parameters deviate from each other, indicating that the fit parameters for the polynomials are correlated with each other. The error of the fit coefficients is partly not even one order of magnitude smaller than the coefficients.

The goal to simulate the experimental data in a precise way is certainly achieved by this method as it is by using intersecting spline functions. As a preferred alternative, however, it is suggested to determine six semi-empiric fit coefficients of the Debye--Einstein integral for the whole temperature range from zero to approximately 300 K.

The quality of the six-parameter Debye--Einstein fit is checked for three representative examples---Ag~2~Mo~4~, Sr-hollandite, and MoO~3~---by plotting the relative deviations of the measured heat capacity $\documentclass[12pt]{minimal}
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The experimental values deviate from the fit at ultra-low temperatures. However, heat capacities at temperatures of 20 K and higher are described reasonably well.

In case that very precise low temperature data (*T* \< 20 K) are required Musikhin et al. \[[@CR8]\] suggested a Debye--Einstein fit function (see Eq. ([1](#Equ1){ref-type=""}) in \[[@CR8]\]) with three fit coefficients that usually describe the experimental data very well especially when vibrational contributions to the heat capacity are dominant.

Furthermore, it can be tried to increase the number of semi-empiric fit coefficients, e.g., by the eight parameter Debye--Einstein approach:$$\documentclass[12pt]{minimal}
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The two-Debye functions improve the low temperature description, whereas in an approach with three Einstein temperatures two Einstein temperatures are usually strongly correlated when the coefficients (*n*~1~, *n*~2~, and *n*~3~) are not constrained. As an example experimental data of the heat capacity of Cs~2~MoO~4~, which can be found in \[[@CR20]\], are described by both the six-parameter Debye--Einstein approach (Eq. ([1](#Equ1){ref-type=""})) and the eight parameter Debye--Einstein fit (Eq. ([5](#Equ5){ref-type=""})). The fit parameters are summarized in Table [20](#Tab20){ref-type="table"}. The quality of the fitting curves is compared by plotting deviations of the experimental data from the fitted values (Fig. [9](#Fig9){ref-type="fig"}). It can be stated again that deviation from the experimental values is very small except for very low temperatures. Deviations of the experimental values from the fitted values are smaller for eight parameter Debye--Einstein fit (Eq. ([5](#Equ5){ref-type=""})) compared to the six-parameter Debye--Einstein approach (Eq. ([1](#Equ1){ref-type=""})). However, physics seems to be captured in a better way by the simpler fit, since the sum of the adjusted pre-factors is closer to the number of atoms in the formula unit (7 for Cs~2~MoO~4~ and 7.4 from Eq. ([1](#Equ1){ref-type=""}) versus 8.1 from Eq. ([5](#Equ5){ref-type=""})).Table 20Characteristic temperatures *θ*~D~, *θ*~E1~, *θ*~E2~ and adjusted parameters of the heat capacity of the Cs~2~MoO~4~Characteristic temperatures (Eq. ([1](#Equ1){ref-type=""}))ValueAdjusted pre-factors (Eq. ([1](#Equ1){ref-type=""}))Value*θ*~D~/K122.8 ± 0.7*m*3.620 ± 0.026*θ*~E1~/K347.8 ± 9.0*n* ~1~1.800 ± 0.046*θ*~E2~/K1044 ± 37*n* ~2~1.953 ± 0.045Characteristic temperatures (Eq. ([5](#Equ5){ref-type=""}))ValueAdjusted pre-factors (Eq. ([5](#Equ5){ref-type=""}))Value*θ* ~D1~ */K*108.3 ± 0.9*m* ~1~2.777 ± 0.056*θ* ~D2~ */K*1870 ± 41*m* ~2~2.443 ± 0.050*θ* ~DE1~ */K*160.7 ± 3.4*n* ~1~1.320 ± 0.042*θ* ~DE2~ */K*461.4 ± 5.7*n* ~2~1.604 ± 0.016 Fig. 9Deviations of the experimental values of the heat capacity from the fitted values for Cs~2~MoO~4~ comparing the six-parameter Debye--Einstein approach (Eq. ([1](#Equ1){ref-type=""})) with the eight-parameter Debye--Einstein approach

Conclusions {#Sec6}
===========

It was already shown in Gamsjäger et al. \[[@CR13]\] that it is possible to extrapolate heat capacity values for temperatures below 50 K when experimental values are only available at higher temperatures by the Kelley--King approach \[[@CR16]\]. It is demonstrated in this work that the low temperature heat capacity up to 300 K of very different compounds can be approximated by the Debye--Einstein integral fit, Eq. ([1](#Equ1){ref-type=""}). It is likely that the simple, however, versatile Debye--Einstein integral fit (Eq. ([1](#Equ1){ref-type=""})) suffices to approximate the heat capacity of several crystalline compounds between 0 and 300 K in case that no phase transformation occurs in this temperature range. It is thus recommended to apply this simple semi-empiric fit (Eq. ([1](#Equ1){ref-type=""})) to experimental heat capacity data in a first approach. Whereas the residuals at ultra-low temperatures (below 20 K) might be large, the influence on the thermodynamic functions at elevated temperatures is small as can be seen by comparing the literature data with the results from this work. It is noted that an additional precise description of ultra-low temperature data (0--20 K) is required in case that thermodynamic functions are requested in this ultra-low temperature range. The Debye--Einstein integral fit (Eq. ([1](#Equ1){ref-type=""})) is advantageous compared to more sophisticated fitting approaches where the fit coefficients lose their physical meaning and might be strongly correlated with each other.
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